We consider the quantum analogues of wormholes obtained by Carlini and Mijić (CM), who analytically continued closed universe models. To obtain wormholes when the strong energy condition (γ > 2/3) is satisfied, we are able to simplify the WheelerDeWitt (WDW) equation by using an equivalent scalar potential which is a function of the scale factor. Such wormholes are found to be consistent with the Hawking-Page (HP) conjecture for quantum wormholes as solutions of the WDW equation.
Introduction
There is at present much interest in the use of wormholes. This is because they could affect the value of coupling constants in our universe. For the cosmological constant Λ the effect of wormholes is to make Λ a dynamical variable given by a distribution function P (Λ). If such a distribution is peaked around Λ → 0, it could help explain why the cosmological constant is zero in our universe [1] .
Because wormholes contain information that is not necessarily accessible to outside observers, the quantum state appears to be mixed. This is reminiscent of black holes, and so wormholes might play a role in understanding Hawking radiation from black holes and their resulting evaporation [2] .
Originally, classical wormholes were constructed using axions. Without reviewing all the cases that have since been found, we consider some of their general features. It is conjectured that wormholes are possible if the Ricci tensor can have a negative eigenvalue [3] , of course for a given convention. For a minimally coupled real scalar field the Ricci tensor is given by
Because in Euclidean space g µν = (+ + ++), R µν > 0 for V (φ) > 0 and wormholes do not occur for, say, a massive scalar field with potential V (φ) = m 2 φ 2 /2. However, if
we consider an imaginary scalar field, i.e. let φ → iφ, then R µν can become negative.
For an imaginary massive scalar field we now get
and a wormhole solution should now be possible. For this imaginary massive scalar field the wormhole solution is given in ref. [4] . However a similar reasoning is valid with other classical wormholes.
Recently, a paper [5] has appeared which seemingly contradicts this reasoning: it is claimed that a real scalar field with a non-negative potential can give a wormhole. The authors then simulate this potential using higher order corrections to the Lagrangian for gravity. Instead they should have found that a negative potential for the scalar field was necessary, but that this can be simulated by higher order corrections with "wrong signs" chosen. This would then have agreed with the reasoning for why the R + ǫR 2 wormhole is possible when the wrong sign of ǫ is chosen. Wrong in the sense that the theory would be unstable in Lorentzian space-this was previously explained in ref. [6] .
Instead of looking for special matter sources that give wormholes, Carlini and Mijić (CM) [7] considered an analytic continuation of closed Friedman-RobertsonWalker (FRW) universes. For a perfect fluid equation of state p = (γ − 1)ρ, (p and ρ are the pressure and energy density respectively) closed universes require that the strong energy condition be satisfied, i.e. γ > 2/3. By using an adaptation of an approach of Ellis and Madsen (EM) [8] , they worked with a scalar field model with a potential V (φ) which simulates a certain value of γ. Or one might say that, by altering the parameter γ, the slope of the scalar field potential can be altered. If the slope is too shallow the strong energy condition is violated and we would not expect wormholes to be possible. By being able to alter the slope of the scalar potential it gives a more systematic way of investigating when wormhole solutions can occur than by just choosing certain potentials, for example a massive scalar field V (φ) = m 2 φ 2 .
Originally, CM used an asymmetric continuation to find the corresponding wormhole from a closed universe. The matter and gravitational parts were rotated in different directions as the transition to the Euclidean regime was done. This is similar to the procedure of Linde [9] for obtaining a positive gravitational action S which could describe the quantum creation of the universe through tunneling, with probability ∼ exp(−S). Later this continuation was extended in ref. [10] to also include the scalar field φ. These methods have the advantage of avoiding discontinuities in the scalar potential and the kinetic energy at the junction point. However, the nature of these continuations ensures that the Ricci tensor has negative eigenvalues in the Euclidean regime. This means that these wormholes are still rather restrictive, but this aspect has been "hidden" in the form of the continuation. We note in passing that some wormholes (e.g. R + ǫR 2 ) are more closely related to the analytic continuation of bounces [6] : when the singularity in open Lorentzian k = −1 universes is avoided.
In a different vein, because the number of known classical wormhole solutions had appeared so restrictive, Hawking and Page (HP) considered that solutions of the Wheeler-DeWitt (WDW) equation could more generally represent wormholes [11] . They hoped that all reasonable matter sources would have the possibility of realizing quantum wormholes. For such wormholes they suggested that the wavefunction Ψ should decay exponentially for large scale factors a so as to represent Euclidean space, and that Ψ be well behaved as a → 0, so that no singularities are present.
Because the WDW equation is independent of the lapse, the Euclidean regime is already included in the formalism. We hope to find that the quantum versions of the CM wormholes are automatically included in the solutions of the WDW equation, so avoiding the ad-hoc continuation required for the classical wormholes. There is some hope of expecting that this is possible: the WDW equation has both HartleHawking (HH) [12] and Tunneling [13] boundary condition solutions. As already mentioned, when dealing with the classical action the Tunneling case corresponds to an asymmetric continuation. This is rather analogous to what will be required to give quantum CM wormhole solutions.
As well as finding the quantum analogues of wormholes that occur when the strong energy condition is satisfied, we also wish to explore if wormholes are even more general. We will do this by using the potential that simulates a certain value of γ . Hawking and Page constructed quantum wormholes for a real massive scalar field and a φ n potential. But, depending on where the scalar field is on such potentials, the effective value of γ can be anywhere in the range 0 ≤ γ ≤ 2 and it was not clear if the strong energy condition was violated in such cases. If wormholes can also occur when the strong energy condition is violated, this would greatly extend the viability of wormholes in mediating processes where this condition is probably violated, for example in black hole evaporation.
The classical model
We first review the classical closed universe models from which we are going to derive their corresponding WDW equations. For a more detailed description of the features of the classical CM wormholes, we refer to the original results presented in ref. [7] and to the Appendix. First we take a bulk matter source with a perfect fluid equation of state p = (γ − 1)ρ and work in a Lorentzian FRW ansatz
where the lapse is chosen to aid calculations as in ref. [7] , andσ 2 = 2G/3π.
The scale factor a is given by
with a 0 an arbitrary constant which is the maximum size of the FRW universe when γ > 2/3. Using the same approach as in EM, one can convert to a scalar field φ whose trajectory is given by
The classical potential for the scalar field (φ 0 = 0) is
where we have defined
Note the difference in the previous expressions with their Euclidean counterparts in ref. [7] . These expressions are valid in a closed universe, but analogous expressions could be obtained for k = −1.
The classical CM wormhole is obtained by analytically continuing the time variable as t → −it in the closed universe eq. (4). These classical wormholes appear to have a nontrivial potential term, and so do not possess any conserved charge. The fact that they exhibit a periodicity in the Euclidean time can be interpreted as evidence that wormholes of size a 0 have a finite temperature T ∼ 1/a 0 [7] . Inclusion of a small bare cosmological constant was also considered in ref. [10] . Furthermore, the analytic continuation to the Euclidean regime was shown to be consistent with the reality of the Euclidean path integral at one-loop [14] .
By using eqs. (4) and (5), the scalar potential can be written as a function of the scale factor
where the constant V m = Ωa 3γ 0 . Before we go on to consider the quantum versions of these wormholes, let us make two important comments about what has been done. a) the equivalence between the potentials V (a) and V (φ) is only valid "on shell" when all the classical equations are satisfied. The equivalence needs not to occur in the quantum theory when only the WDW equation has to be satisfied (see ref. [15] ). In such cases the potential V (φ) will contain possibilities of extra solutions since it is not constrained by an additional classical equation.
b) Although the potentials V (φ) and V (a) both simulate a certain value of γ, they only do this for a finite time as the scalar field 'rolls down' the potential. Eventually the simulation will break down and either the kinetic or potential energy will dominate, i.e. γ will tend to 2 or 0. In this case the potentials do not have the same ground state since, when φ = 0, the V (φ) potential behaves like a cosmological constant. In the classical theory this difference in the ground states could be set to only occur at an asymptotically large time in the future. But it is well known that the WDW equation has no explicit time dependence and so this aspect of the ground state cannot be isolated in this way. It can be treated by introducing a second scalar field (or equivalently using a complex scalar field) as was also done in ref. [16] when extending the EM approach. This problem does not occur, in any case, when γ < 2/3, as the two potentials neither have a cosmological constant ground state. Strictly speaking, all the simulations break down in the limit a → ∞, since the effective γ is related to the "roll down" along the potential. On reaching the minimum, the potential energy is lost and γ will tend to 2, the kinetic dominated case. Because of this limitation we can not claim that wormholes (with a certain value of γ) occur in the limit a → ∞, but only up to a finite scale factor a max . However, this size can be made much greater than the Planck scale, and for all practicality this is not a serious limitation.
3 The "on shell" V (a) matter model 
where p is a factor ordering correction and k the spatial curvature, k = ±1, 0. We will start our quantum analysis of the CM wormholes for the case in which the matter content of the theory is given by the "on shell" potential V (a). As mentioned, this will not exhaust all the possible solutions since we could use the more general potential V (φ). However we first try to find the wanted solutions in this way since they are a subset of all the solutions present when using V (φ). For the potential V (a) the WDW equation is separable, and simplifies to:
with q the separation constant.
If we had used a relativistic perfect fluid, the corresponding WDW equation would have taken the form (see, e.g., ref. [23] )
where we have substituted from the conservation equation the energy density ρ = ρ 0 /a 3γ , with ρ 0 = a 3γ−2 0
. If possible we will use this simpler equation because all its solutions are contained as special cases of eqs. (10) and (11), i.e. setting q = 0 and taking the redundant φ solution Ψ(φ) =constant .
We must impose some boundary condition in order to select (if any) the solutions of the WDW which represent asymptotically Euclidean (AE) wormholes. Here we follow the proposal of HP:
(a) Ψ should decay exponentially as the radius a → ∞,
(b) Ψ should be well-behaved (regular) at the origin. This is because Ψ should represent Euclidean space for large a and there should be no singularities as a → 0. It should also not have any divergences due to the matter content, which would correspond to singularities.
We should point out that throughout this paper we are only interested in the possible existence of such wormhole solutions and set arbitrary coefficients accordingly. This choice depends on the boundary conditions applied. We will later discuss their relation to the more usually applied boundary conditions of HH and the Tunneling ones.
We can get a preliminary idea as to when an Euclidean domain occurs at large a by studying the WDW equation (12) as an ordinary Schrödinger equation (for the factor ordering p = 0) d
which represents the motion of a 'particle' of unit mass and zero energy in the potential
When U > 0 the wave function for large a is oscillating, implying the existence of a Lorentzian phase (see, e.g., ref. [17] ). Therefore, in order to have an AE wormhole, it is necessary that, at least, U < 0. Returning to eq. (10), and setting the unimportant in this regard factor p = 0, this occurs for
Therefore for the usual case of a positive potential (V m > 0, γ < 2) we require 2 > 4 − 3γ, i.e. γ > 2/3 and k = 1 for such behaviour. If we had a negative potential (V m < 0) then this would be reversed: γ < 2/3 and k = ±1 can give such a solution. This is an example that shows how k = 1 is not strictly necessary to obtain wormhole solutions -at least in the CM and HP sense. We have ignored the term involving the separation constant q 2 /a 2 which would only change this argument as a becomes small. This strong energy condition is the same as that obtained by CM for the occurrence of wormhole solutions. This condition is stronger than (but consistent with) the result of ref. [18] that quantum wormholes are incompatible with a cosmological constant.
A quantum wormhole also requires a suitable behaviour for small a. As a → 0 we can ignore the ka 4 term, since 4 > 6 − 3γ when γ > 2/3. In this case the WDW equation (10) simplifies to a Bessel equation with solution
We have included the separation constant in the solution in order to outline a potential problem it introduces: that of an infinite oscillation as a → 0. Note that this problem is absent for a perfect fluid matter source when q = 0, but needs to be taken care of when using a scalar field source. We next outline this problem and its resolution. Using the asymptote J ν (z) ∼ z ν , as z → 0 (see ref. [19] ), enables the solution for the ordering factor p = 1 to be expressed as
The other Bessel function would simply have a (−) sign in the exponent of eq. (16) since Y ν (z) ∼ −z −ν . The foregoing argument would proceed in the same fashion.
The problem now is that as a → 0 the ln a → −∞ causes infinite oscillations to occur, and the wavefunction cannot be regarded as a wormhole in its present form as the oscillations represent a singularity [11] . The full solution is, however,
By integrating over the separation constant we can eliminate this singularity at the origin. This is the same as performing a Fourier integral [20] or like constructing a wave-packet solution [21] . Now the integral
is of the form exp(ixt)dt which, by means of the Riemann-Lebesgue lemma (see, e.g., ref. [22] ), tends to zero as x → ∞. The wavefunction is now, in effect, damped as a → 0 or φ → ∞. This now satisfies the regularity boundary condition (b) of HP. Note that there is still a possible divergence due to the factor ordering term ∼ a
when p > 1. It has been suggested [24] that even when this divergence is present it should still be considered to satisfy the HP condition for wormholes. Otherwise we would conclude that for certain factor ordering values (p > 1) wormholes are prevented due to this divergence.
Two examples
We conclude this first section by giving two explicit examples of solutions of the WDW equation for the "on shell" potential V (a) of a perfect fluid matter model. Although the WDW equation has been simplified to an ordinary differential equation, it is still not straightforward to obtain analytic solutions for all γ. One could proceed by finding approximate WKB solutions. But instead we consider two cases of γ: one satisfying and one violating the strong energy condition. This enables us to emphasize properties that any solution in the range 0 ≤ γ ≤ 2 will have.
• γ = 4/3 This example classically represents a radiation dominated FRW geometry or that of a conformally coupled field. In this case the WDW equation (12) , for the factor ordering p = 0, can be rewritten as
which can be thought of as the Schrödinger equation for a harmonic oscillator with energy a 2 0 . The general solution of eq. (19) can be expressed as a linear superposition of harmonic wave functions as
where H n are the Hermite polynomials. Such wave functions are regular at the origin and exponentially damped at infinity, and according to the HP boundary conditions they represent quantum AE wormholes, see fig. (1). The minimum 'throat' of the wormholes is quantized, a 0 = √ 2n + 1.
• γ = 0 This example is equivalent to having a cosmological constant as the matter source. In this case the WDW equation (12) , for the factor ordering p = 0, can be rewritten as d
This is reminiscent of the Schrödinger equation for an anharmonic oscillator, and it can be exactly solved by a suitable redefinition of variables in terms of Airy functions as
The wave function is oscillating for large a (see fig. ( 2)), and clearly does not resemble an AE wormhole (as we expected, since γ < 2/3). Actually, it may be thought as representing the quantum nucleation at the radius a 0 of an expanding Lorentzian inflationary universe.
4 The scalar field model
The general V (φ) potential case
So far we have obtained quantum wormholes with the restriction that the strong energy condition is satisfied. We next extend our analysis of the quantum solutions by studying the WDW equation with the scalar potential V (φ). This potential gives the full possibility of solutions and so might also give quantum wormholes when the strong energy condition is violated, i.e. when γ < 2/3. This potential is plotted for various values of the parameter γ in figs. (3) (4) (5) . For γ > 2/3 a positive minimum occurs when φ = 0. At this point the simulation of γ breaks down and the actual value of γ becomes zero -it behaves as a cosmological constant. In order to analyse this region we would have to prevent the potential behaving like a cosmological constant. This can be done by adding an extra field to enable the ground state to correspond to V (φ) = 0. We later outline how this can proceed.
However, we already know that wormholes occur for γ > 2/3 and so we can restrict our attention to when γ < 2/3. In this case the potential V (φ) has a zero ground state V (φ) → 0 as |φ| → ∞ and so there is no problem of a cosmological constant occurring. We have to ensure that the simulation of γ < 2/3 does not break down before the wormhole has an arbitrary large size a. As previously mentioned, in the limit a → ∞, we require asymptotically flat Euclidean space, i.e. V (φ) = 0.
Separating the WDW
We now consider the WDW equation for the case of the V (φ) potential when the strong energy condition is violated. As already mentioned, the only region when we can hope to find AE wormhole solutions is the one where the potential V (φ) is approaching its minimum, i.e. the region of superspace where |φ| → ∞. Taking φ ≃ 0 would imply expanding the potential of eq. (6) around an (unstable) cosmological constant value, which HP showed is inconsistent with the existence of AE wormholes.
Let us therefore try to separate the WDW eq. (9) by introducing a new variable
for some function f of the scalar field φ. Defining the quantity F such that
the WDW equation (9) may be then expressed as
By inspection it seems useful to assume that the variable coefficient
and the term − a 6 V (φ) (27) are proportional, i.e. that 1 − F
where δ is a constant of proportionality. It is then easy to check, using eq. (24), that eq. (28) reduces to the second order differential equation
The next step is to observe that there exists a function (say y) that matches the behaviour of V (φ), and satisfies the differential equation
with constant coefficients α, β and ρ. It is easy to verify that a possible solution of eq. (30) is given by
where
Moreover, direct substitution into eq. (30) results in
To simplify things, we set β = 0 (and therefore h = 0), in eqs. (30)-(34). Then eq. (34) simplifies to
The idea now is to consider the ansatz
for which eq. (35) becomes
Compare now eq. (29) and eq. (37): for the potential given by eq. (6) we can, in fact, identify y = f (φ) (
provided that we also equate the arguments of the potential (6) and of the coshfunction in eq. (31), i.e. if we take
and we impose the further conditions
In other words, we can write
It is a matter of a simple algebra to show that equations (39) and (40), together with parameters λ, n and Ω given by eq. (7), imply that α = 2 3γ
We find comfort in the fact that the ansatz (36) is satisfied in the interesting region |φ| → ∞.
Moreover, noting that in this case we have
we can finally separate eq. (25) as
and
for a separation constant ν and with ξ = 3(3γ − 2)/2(3γ − 1). The general solutions of eqs. (44) and (45) can be easily expressed in terms of Bessel functions (see, e.g., ref. [19] ). In particular, the wave function ψ(a) which is bounded as a → ∞ is
while the wave function Φ(η) for γ < 2 is
We now explicitly study the solutions of the eqs. (44)-(45) in the limit of large |φ| for the case γ < 2/3.
• 0 < γ < 2/3 ⋄ a → 0 Both in the limit of small and large scale factors, the a dependent part of the wave function is given by the modified Bessel function K of eq. (46).
Turning to the η dependent part of the solution, we remember that the coordinate η of eq. (23) 
in the limit of |φ| → ∞, where we have introduced λ 0 = 3 γ/2 sign(3γ − 2) and c 0 = exp[−6γ/(3γ − 2) ln 2]. In the case of small a, since λ 0 < 0 for γ < 2/3, the only possibility is that η → 0. Therefore, combining the solutions (46) and (47) in the limit of small arguments, we obtain for the asymptotic form of the global wave function (for p = 1):
This wave function is regular and satisfies the boundary condition (b) of HP for g 1 = 0.
⋄ a → ∞ In the limit a → ∞, the two factors in the coordinate η compete one against the other and we have two possibilities depending on the scaling: either η → 0 or η → ∞.
In the case a 3 e λ 0 |φ| → 0, the global wave function (combination of eqs. (46)- (47)) has the following asymptotics for large a:
This is clearly consistent with the boundary condition (a) of HP for the existence of wormholes.
Similarly, in the case a 3 e λ 0 |φ| → ∞, the global wave function has the asymptotics
where c 1 = 2 √ δc 0 . This can be AE in the sense of HP if we assume the further scaling ae λ 0 |φ| → 0.
In conclusion, we find that the Lorentzian potential V (φ) given by eq. (6) is consistent with the existence of quantum AE wormholes according to HP in the case γ < 2/3 and |φ| → ∞ (provided that we have the scaling a 3 e λ 0 |φ| → 0, or a 3 e λ 0 |φ| → ∞ and ae λ 0 |φ| → 0, for a → ∞). The global wave function for such a case can be compactly written as
We have therefore found wormholes when 0 < γ < 2/3. Only when a cosmological constant is present (γ = 0) is a quantum wormhole prevented from occurring.
Complex scalar field
The V (φ) potential when γ > 2/3 suffers from the presence of a cosmological constant in its minimum. This prevents a wormhole from occurring since we require that asymptotically the potential V (φ) → 0.
By adding a second scalar field, or equivalently taking a single complex scalar field, we can ensure that the potential has a zero minimum. This was done by Ellis, Lyth and Mijic [16] , and it will ensure that in the limit a → ∞ the potential will also approach zero. One should not think of this as implying that a complex scalar field is necessary to have wormhole solutions, but is rather one way of removing the cosmological constant caused by a limitation of the EM procedure in this case. The detailed discussion of the classical solutions for the case of a complex scalar field is given in the Appendix.
As we are interested in the case V → 0, γ > 2/3, we will work in the ansatz dominated by the imaginary part of the scalar field, eq. (89), where the potential is given by
which is plotted for γ = 4/3 in fig. (6) .
The WDW equation is
where part of the operator-ordering ambiguities are encoded, as usual, in p.
The procedure is now to look for solutions of the WDW equation (54), around the stationary points (minima) of the potential V (σ), which satisfy the HP boundary conditions (a)-(b) stated in section (3): these should represent our quantum AE wormholes.
To separate the WDW eq. (54), we follow the same method described in section (4.1.1). In particular, we introduce a new variable χ as
and define the quantity G
such that the WDW equation (54) turns out as
We then follow section (4.1.1) in writing for g the analogous of the differential equation (29) and compare with solutions of the differential equation (30) . We first note that we have another independent solution of eq. (30), which is
with the same coefficients h and k as given by eqs. (32)- (33) . Substitution of formula (58) into eq. (30) this time gives, for β = h = 0,
We consider now the limit in which y
In the limit given by eq. (60) we can approximate eq. (59) as
We can then identify y = g(σ) if λ = k(α − 1), z = σ and we impose the conditions 2α/(1 − α) = 2n and αk 2 = Ω/δ. Eq. (42) for the parameters α, ρ and δ is now replaced by
Finally, we note from eqs. (39) and (62) that the condition (60) is satisfied if we constrain the scalar field σ and the parameter γ to be in the region
which is just the region we are interested in. From the definition of G (eq. (56)) and eqs. (58), (37), we can easily see that, in the limit given by eq. (63),
Therefore, for a separation constant µ, we finally obtain the two equations
We will now consider the solutions of the eqs. (65)-(66) for γ > 2/3.
• 2/3 < γ < 2 ⋄ a → 0 We begin by studying the behaviour of the wave function as a → 0 and check if it satisfies the boundary condition (b) of HP.
First, as we are working in the range γ > 1/3 (condition (63)), we also have that Therefore, as the scale factor goes to zero, we can neglect the a 4 term in eq. (65), and the a-part of the wave function can be written in terms of Bessel functions as
Let us now turn to the χ part of the solution of the WDW equation. Remembering that the χ-coordinate in eq. (55) reads
and noting that ξ > 0 for 2/3 < γ ≤ 2, this immediately implies that χ → 0, as a → 0 and σ ≃ 0. In the limit χ → 0, since we have that 2 > 2ξ/3 for γ > 1/3 (condition (63)), we can neglect the term χ 2 in eq. (66), whose approximate solutions can be again expressed in terms of Bessel functions as
Finally, combining eqs. (68)-(69) and (71)-(72) and using the asymptotic forms of Bessel functions (see, e.g., ref. [19] ), we see that the global wave function for a → 0 is independent of µ and behaves as
This can be regular and satisfy the HP boundary condition (b), for instance for e 2 = 0.
⋄ a → ∞ We now study the behaviour of the solutions of the WDW equation in the asymptotic region a → ∞. In this case, due to condition (67), we can neglect the term a 6(1−α) in the a-equation (65), and we can write ψ(a) as a combination of modified Bessel functions K and I. Keeping only the asymptotically bounded solution, we have
For the χ part of the solution, instead, we have now to distinguish the cases χ → 0 and χ → ∞. In the limit χ → 0, Φ(χ) is given again by eqs. (71)-(72) . Combination of eqs. (71)- (72) and (74) gives for the asymptotic global wave function in the region a → ∞:
This wave function clearly satisfies the HP boundary condition (a). Therefore, we conclude that wave functions for the case 2/3 < γ ≤ 2 represent quantum AE wormholes in the sense of HP provided that we have the scaling aσ 1 ξ → 0 as a → ∞. 5 
Discussion and Conclusions
We have obtained the quantum analogues of the classical CM wormholes. There are two advantages which make these quantum solutions far more general than their classical counterparts. The requirement that the Ricci tensor has a negative eigenvalue, in order to produce a wormhole throat, is not necessary in the quantum wormhole. In the classical wormhole this requirement was accomplished by using an asymmetric analytic continuation of the matter source. This aspect is included "automatically" in the WDW equation and it results in the avoidance of singularities as a → 0.
Quantum wormholes occur, for example, when ordinary radiation is present. We saw this using the "on shell" potential V (a) which does not give all the possible solutions but does enable many of the known quantum wormholes to be found, e.g. that of a massless real scalar field or a conformally coupled one. Other quantum wormholes can be found using V (a) for any γ, although in general they will not have a simple analytic solution. But, in analogy to the classical case, there is a CM quantum wormhole for any value of γ in the range 2/3 < γ ≤ 2 .
We next used the potential V (φ) which allows the full possibilities of quantum solutions to be found. In this case wormholes were also obtained when the strong energy condition is violated: something which is not possible for a classical CM wormhole. Only when a cosmological constant is present (γ = 0) we were unable to find a wavefunction that obeys the HP conditions for a quantum wormhole. Even then, the second condition (b) regarding the behaviour as a → 0 is rather easily satisfied for Planck sized wormholes. Looking at the WDW equation (9) one sees that the potential V (φ) can be ignored (even if it is constant ) for a < 1, and this case behaves like a massless scalar field in this limit. One might say that the massless scalar field is the archetypal wormhole for small scale factors. However, if wormholes are to play a role in black hole evaporation, it is suspected that quantum wormholes should be much larger than the Planck size a ∼ 1 ∼ 10 −33 cm . It is therefore necessary to try and satisfy condition (a) up to, say, values of a ∼ 10 3 . For a perfect fluid matter source this was found not to be possible when the strong energy condition is violated. However, with a scalar field, although the matter source was violating the strong energy condition, wormholes could still be found, except for the case of a cosmological constant. Such solutions are an entirely quantum "off shell" phenomena, since the classical equations allowing us to work with the classically equivalent potential V (a) can no longer be used. It is not necessary to solve the WDW equation with V (φ) and γ > 2/3, since the existence of wormholes had already been established working with the more restrictive "on shell" potential. However, this could be done provided we correct for the fact that the potential, which is meant to simulate a certain value of γ, fails to do so at the potential's minimum.
Because wormholes can be obtained for such a broad range of γ, this shows, in agreement with the suggestion of HP, that indeed quantum wormholes are a general phenomena that can occur for any matter source. Recall that any actual potential coming from a particle theory, e.g. V (φ) = m 2 φ 2 or λφ 4 , has an effective γ in the range 0 < γ ≃ 2. Only when the potential behaves like an effective cosmological constant γ ≃ 0 would the wormhole be prevented. As the minimum V (φ) → 0 is approached, such φ n potentials typically have an effective γ ∼ 1 and so the wormholes found by HP for a massive scalar field or λφ 4 can be understood.
We have found that wormhole states can be obtained by imposing the HP boundary condition. In doing so we seem to be losing the possibility of choosing other wavefunctions which might have other favourable characteristics. We have in mind the presence of a Lorentzian regime with wavefunctions that represent inflationary behaviour.
This dilemma can be understood further by considering the problem of caustics in the WDW equation found by Grishchuk and Rozhansky [25] , see also ref. [26] . In order to have a realistic model with a Lorentzian regime they required the existence of a caustic. Below a certain value of the field the caustic does not develop and the model remains Euclidean. But this aspect (of no caustic) is exactly what is required to have the possibility of a wormhole. In other words, the lack of a caustic was first considered a problem but is now being used as a condition for the existence of quantum wormholes. This lack of a caustic was considered a potential fault of the HH boundary condition and indeed there is some relation between this boundary condition and the wormhole HP one. Typically the HH wavefunction grows exponentially like ∼ exp(a 2 ), in contrast to the exponential decay of the HP one. These two behaviours were contrasted by Kim [24] .
The HP boundary condition also differs in a crucial way with the Tunneling boundary condition. Whereas the Tunneling boundary condition is peaked at a large potential V (φ), which will tend to produce a Lorentzian regime and inflationary behaviour for γ < 2/3, the wormhole boundary condition suggests a small potential V (φ). However, the Tunneling boundary condition does decay exponentially in an Euclidean region.
Recently, the wormhole boundary condition has been claimed to be the more fundamental one [27] , requiring the dropping or modification of the other (e.g. HH or Tunneling) boundary conditions. This was based on the claim that our universe is asymptotically flat and this could be a prediction of the wormhole boundary condition. As our universe is not asymptotically flat (it appears FRW) and is also Lorentzian, other boundary conditions would seem necessary. Especially if we required an inflationary phase during the early history of the universe. 6 We do not therefore think at this stage that the issue of the wormhole boundary condition can be elevated to a superior status. It is an open question whether different boundary conditions determined, in some sense, by underlying conditions can be valid. The so called 3rd quantization [29] of the WDW equation might give some justification for this since more than one type of solution could be present at once. Otherwise, if there is a correct universal boundary condition for the WDW equation, it is difficult to see how the possibility of wormholes is compatible with an earlier inflationary regime which presumably caused our universe. What about the implications for the Coleman mechanism for the setting to zero of the cosmological constant? In an earlier version of this paper [30] we had only considered the V (a) potential and had missed seeing the possibility of having wormholes when the strong energy condition is violated. We had argued that there was a contradiction in that wormholes are incompatible with a Λ term. We then notice that, as mentioned in ref. [29] , the wormhole mechanism does first require Λ << 1, this requirement presumably coming from some other mechanism, e.g. supersymmetry. Once Λ attains this "small" value, wormholes would then be possible and could proceed in setting Λ infinitesimally close to zero [1] . Recall that we are trying to explain the current value of Λ ∼ 10 −120 .
However, we are still left with the problem of how the boundary conditions responsible for wormholes are compatible with Lorentzian or inflationary behaviour. A related problem is that: if the Tunneling boundary condition and wormholes could coexist, the Coleman mechanism would work in the opposite direction, setting Λ ∼ 1, i.e. large [31] .
Note that while the boundary conditions that enable the Coleman mechanism to proceed, given wormholes, are fairly general (the Tunneling boundary condition is an exception) we have found that obtaining wormholes themselves is a more restrictive requirement. Restrictive, in the sense that they might preclude other things from occurring, e.g. inflation. Within the Coleman mechanism, it might be preferable to try and do without wormholes per se, and rather other things, e.g. axions, torsion [32] , could simulate their effects. We would then not have to impose the restrictive wormhole boundary condition, but rather concentrate on the boundary conditions explaining our large Lorentzian universe with its possible past inflationary epoch.
Then, as done in ref. [7] , we can work in the restricted ansatz described by the equation of state
The idea is now to consider the classical evolution of the scalar field model in the limits in which the real component (φ) or the imaginary component (σ) respectively dominate the equations of motion. Let us first consider the ansatz φ ≫σ
The Friedmann equation for which the action (78) is stationary is, in this limit,
Using the method of ref. [8] , we assume that the Lorentzian geometry (3) represents an expanding universe with scale factor a = a 0 1 − 3γ − 2 2 
and find the matter content which is necessary to drive such an instanton. Using eqs. 
(the special case γ = 0 corresponds to the constant potential V (ϕ) = 1/a 2 0 ). This is the CM solution.
Let us now consider the ansatz in which the scalar field ϕ is dominated by the imaginary part σ, i.e.,σ ≫ φ
and analytically continue to the Euclidean region by Wick rotating the time according to τ → iτ . The action in the Euclidean region becomes
The equations of motion which one can derive from the action (90) from variations of the lapse and of the scale factor are, respectively, 0 ≃ȧ 2 +σ 2 a 2 + a 3(2−γ) V (ϕ) − a 
We then assume that the Euclidean geometry (at least asymptotically) is that of an AE wormhole, 
where n and Ω are defined by eq. (7). Using eq. (77), this potential can be also written as an explicit function of φ and σ as
It is also clear that the form (88) of the potential is obtained in the limit of large φ, while the form (95) corresponds to the limit of small φ, in agreement with the previous hypothesis. Therefore, the Friedmann equations in the two asymptotic regions will read (eliminatingφ 2 andσ 2 by means of eqs. (86) and (93) from, respectively, eqs.
(84) and (91) 
